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Abstract

The concept of best proximity point in metric spaces for Presi¢ type nonself op-
erators is demonstrated by many researchers. In the present dissertation, we dis-
cussed the notion of Presi¢ type nonself operators and acquire some best proximity
points results for such operators in the setting of b—metric spaces. The Presi¢ type
nonself operators played an important role in the extension and generalization of
Banach contraction principle. Our result will be valuable in solving particular best

proximity points and fixed point results in the setting of b—metric spaces.
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Chapter 1

Introduction

1.1 Background

Mathematics has numerous uses in every field of life and it is one of the main
branches of scientific knowledge. In scientific knowledge, mathematics has an im-
portant role, so it is called the mother of sciences. It is further classified into several
divisions and functional analysis is considered as one of the foremost important
branches of mathematics. Fixed point theory is a significant notion in functional
analysis. Fixed point theory provides suitable conditions for the existence of a
problem solution. In various fields of science, the idea of fixed point theory has
many applications, such as optimization theory, mathematical economics and ap-
proximation theory etc. From last five to six decades, fixed point theory has

become the fascinating and greatest growing research area for mathematicians.

In 1886, Poincare [1] was the first mathematician who study the field of fixed point
theory. Afterward Brouwer [2] considered the fixed point problem and established
fixed point theorems for the solution of the equation T(s) = s. In different dimen-

sions, he also proved several fixed point results.

Metric space is pivotal point of fixed-point theory. The definition of metric space
was initiated for the first time by a French mathematician Frechet [3]. He is
regarded as a founder of modern topology and he contributed significantly in the

1



Introduction 2

field of set theory and functional theory. He introduced the general concept of

entire metric space soley.

Stefan Banach [4] proved a significant result known as Banach Contraction Princi-
ple (BCP) in 1922. The analysis of BCP is considered to be the most fundamental
consequence in the field of fixed point theory. The two main points come from
this principle. The first is that it guarantees the presence and uniqueness of fixed
point. The second and most important one is that the fixed point of mapping can

be determined by an approach.

Substantially, BCP was also invesstigated by Kannan [5] and Chatterjea [6] by
replacing contraction conditions. In literature of fixed point theory, a lot of re-
searchers [7-10] used various methods for extension and generalization of BCP, ei-
ther it is using the different spaces or replacing the contraction conditions. Bakhtin
[11] initiated the analysis of one of the most interesting generalization of metric
spaces known as b-metric spaces and he extended the BCP [4] in setting of b-
metric spaces. Many researchers investigated fixed point theory in distinguishing

mappings like mixed single as well as set-valued in b-metric spaces [12-15].

Presi¢ [16] gave a contractive condition on the finite product of metric spaces and
proved a fixed point theorem. For the operators defined on product spaces, the
analysis of Presi¢ is considered foremost important extensions of BCP. A lot of

other researchers worked on the other forms of Presi¢ results like Berinde et al.

[17], Khan et al. [18], Pacurar [19], and Shukla et al. [20, 21].

In addition to differential equations, several problems that arise in various domain
of mathematics, such as optimization theory, can also be formulated as a fixed-
point equation of the form 7T's = s. If T is self mapping and the other conditions
are fulfilled, then the above equation has a solution. While, if T is non-self-
mapping, then there is no solution to the equation given above. Therefore the
value of the element s must be determined which is closest to T's in this situation.
So, Fan [22] suggested the idea of best proximity point(BPP) result for non-self
continuous mappings in 1969. Numerous former researchers works on extensions

of Fan’s theorem like Reich [23], Sehgak and Singh [24] and Prolla [25].
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In the literature, many researchers have examined the presence of best proximity
points by using various approaches. In 2010, Basha [26] presented the concept
and extended BCP for the existance of BBP and stated some results for proximal
contraction. By using the generalized a — 1-proximal contractions in complete
metric spaces, Jleli and Samet [27] discussed the nature of BPP. Markin and
Shahzad[28] took relatively u-continuous mappings to acquire the best proximity
points. Nawab et al. [29] established the BCP for modified Suzuki a-proximal
contractions in the setting of complete metric spaces. For further details of BBP

we can see for example [30-34].

In this thesis, the main focus on discussion is on “Presic type nonself operators
and related best proximity results” by Usman et al. [35]. After the comprehensive

analysis of the paper, results have been extended in setting of b-matric spaces.

The rest of dissertation is organized as follows:

e Chapter 2
This chapter includes the basic concepts, definitions and examples regarding graph

theory, metric spaces, b—metric spaces and fixed point theory.

e Chapter 3
This chapter is about the literature review and study of BBP results for Presic

type nonself operators enclosed by metric spaces comprehensively.

e Chapter 4
This chapter emphasizes on the idea of Presic type nonself operators in b—metric

spaces.

e Chapter 5

In this chapter, the conclusion is presented.



Chapter 2

Preliminaries

In this chapter few basic definitions, results and examples are presented which are
used in subsequent chapters. The first section covers some basics of graph theory
with examples. The second section concerns with the metric spaces and b-metric
spaces with related examples. The last section concerns with the BCP and fixed

points in metric spaces.

2.1 Graph Theory

Graph theory deals with investigation as well as analysis of graphs. Whereas,
graph is the class of mathematical structures that involves physical representation
of problems related to daily life which contains piecewise relations that is developed
between points. Graphs are designed by vertices which is also known as nodes or
point. Furthermore, they are fixed by edges or links or lines. Indeed, prior text

related to concept of graph theory appeared in 1936.

Definition 2.1.1.
Graph is the combination of vertices and edges where vertex means points shown
on the graph and the lines that joins those points(vertices) are called edges of

graph.
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Definition 2.1.2.

“An edge with identical ends is called a loop.” [306]

FIGURE 2.1: A graph having a loop and multiple edges

In the above graph, vertices = {1, 2,3,4,5} and edges = {al, a2, a3, a4, a5, a6, a7, a8}.

Definition 2.1.3.
Parallel edges are those edges in which the edges of two point having the same

end.

Definition 2.1.4.
“A Simple graph is a graph that has no self-loops and edges.” [37]

Definition 2.1.5.

A walk in a graph G = (V| E) is a sequence of vertices

Vg, U1, Vg, oo, Vg €V

such that for every i = 1,...., k, (v;_1,v;) € E. In this case, we say that the walk is
from vy to v,. Furthermore, if all the vertices are distinct, then the walk is called

a path.
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FIGURE 2.2: Path diagram

In figure 2.2, vg = 1;v; = 11 and {v;} : i =0,1,2,...,10 is a path.

Definition 2.1.6.
A graph in which the path is defined from each edge from one vertex to the other
is called directed graph.

FIGURE 2.3: A directed graph



Basi¢ Definitions 7

2.2 Metric Spaces and 6-Metric Spaces

Frachet [3] developed the idea of metric spaces in 1906.

Definition 2.2.1.

“A metric space is a pair (X,d), where X is a set and d is a metric on X (or
distance function on X), that is, a function defined on X x X such that for all
x,y,z € X we have:

(M1) d is real-valued, finite and non negative;
(M2)

(M3) d(z,y) =d(y,x) (Symmetry);
(M4)

d(l’7 y) =0 if and Only if T =1Y;

d(z,y) <d(z,z) +d(z,y) (Triangle inequality).” [38§]

Example 2.2.1. Consider X = R, define a metricd : X x X — R as
d(s,c) =+/|s—¢| forall s,ceX

then (R, d) is a metric space.

Example 2.2.2. Consider X = R?, define d : R? x R? — R by
d(s,c) = max{|s; — c1], [s2 — c2|}.

Then (R?,d) is a metric space.

Definition 2.2.2.
“Let X = (X,d) and Y = (Y] J) be metric spaces. A mapping 7' : X — Y is said

to be continuous at a point xy € X if for every € > 0 there is a 6 > 0 such that

d(Tx,Txo) < e for all x satisfying d(z,x) < J.

T is said to be continuous if it is continuous at every point of X.” [3§]

Example 2.2.3. Let us define a self mapping T on set of real numbers R endowed

with usual metric, such that

T(s) = s where s € X.
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Then T a is continuous mapping.

Definition 2.2.3.
“A sequence (z,) in a metric space X = (X,d) is said to converge or to be

convergent if there is an x € X such that

lim d(x,,z) = 0.

n—oo

x is called the limit of (z,) and we write
limz, = x,

or, simply,

T, — .

We say that (z,) converges to z or has the limit x. If (x,,) is not convergent, it is

said to be divergent.” [38]

Example 2.2.4.
The sequence s,, = % where n € R is a convergent sequence in (R,d), where 4 is

usual metric.

Definition 2.2.4.
“A metric space X is called compact if every sequence in X has a convergent

subsequence.” [38]

Definition 2.2.5.
“A sequence {z,} in a metric space X = (X, d) is said to be Cauchy sequence
(or fundamental) if for each € > 0 there exist a positive number N = N(¢) such

that

d(zp, z,) < e forall m,n > N.” [3§]

Definition 2.2.6.
“If every Cauchy sequence in a metric space (X,d) converges to a point z € X

then X is called complete metric space.” [38]
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Example 2.2.5.

Closed interval [2,4] in R is complete with usual metric on R.

Example 2.2.6.
The real line R and the complex plane C are complete with usual metric on R and

C respectively.

Concept of b-metric space is prior by Bakhtin [11].

Definition 2.2.7.
“Consider a non-empty set X with a real number s > 1. A function
d: X xX — [0,00) is called b-metric if it satisfies the following properties for

each x,y,z € X,

(b1) d(z,y)
(b2) d(z,y) = d(y,x);
(63) d(z,y) < sld(z, 2) + d(z,y)};

the pair (X, d) is called a b-metric space.” [39]

0 z=uy;

Remark 2.1.
When s = 1 then the concept of b-metric space coincides with concept of metric

space.

Example 2.2.7.
Consider X = R be a function defined by

d(s,c) =(s—¢c)* V sceX

Then a pair (R, d) is b-metric space with b = 2.

Remark 2.2.
Any metric space is a b-metric space. The converse, however, is not necessarily

valid.

Definition 2.2.8.
“Let (X,d) be a b-metric space. A sequence {z,} in X is called convergent if

and only if there exist z € X such that dy(z,,xz) — 0 as n — 0.” [40]
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Definition 2.2.9.
“Let (X,d) be a b-metric space. A sequence {z,} in X is called Cauchy if and

only if dy(xy,, ) — 0 as m,n — 00.” [40]

Definition 2.2.10.
“The b-metric space (X, d) is said to be complete if every Cauchy sequence in X

is convergent.” [40]

Remark 2.3.

A b-metric space is not a continues function.

Example 2.2.8. Consider X = NU {oo}. A function 4, : X x X — R by:

0 if S1 = So,

i - é if one of sq, s9 is even and other is even or oo,
dp(s1, 52) =

5 if one of s1, s9 is odd and other is odd or oo,

2 otherwise.

It can be verified that V sq, o, s3 € X, we have

5
dp(s1,53) < 3 (dp(s1,82) + dp(s2,s3)).

Thus (X, d,) is a b-metric space with b = 2.

Consider a sequence s,, = 2m for each m € N, then

1
db(2m,oo):% — 0 as m — oo,

further

lim d,(2m,00) = 0,

m—o0

but

lim dp(Sm, 1) =2 »5

m—o0

:db(OO, 1)

= [t is not a continues.
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2.3 BCP and Fixed Point Theory

A wide diversity of problems appearing in various areas of pure and applied math-
ematics like differential equations, discrete and continuous system of dynamics can

be modeled as fixed point equation.

Definition 2.3.1.
“Let T : X — X be a mapping on a set X. A point x € X is said to be a fixed
point of T if

Tr =x

that is, a point is mapped onto itself.

Geometrically, if y = Tz is real valued function, then by a fixed point of T means
where the line y = x intersect the graph of T. A function may therefore have
a fixed point or not have one. In addition, the fixed point might or may not be

unique.” [41]

N -

7
7
s o
7 e
/ 27

FIGURE 2.4: Three fixed points

The graph mention above represents a function having three fixed points.

Example 2.3.1. Let X = R be endowed with metric d(s,c) =| s — ¢ | and
T : X — X, define by

Ts=(s+2) foreach se€X
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10
L5l
Ts=s+2
-10 -5 5 10
5]
-10

F1GURE 2.5: No fixed point

Then, there is no fixed point for T.

Definition 2.3.2.
“Let X = (X, d) be ametric space. A mappingT : X — X is called a contraction

on X if there is a positive real number oo < 1 such that for all z,y € X

d(Tz, Ty) < ad(z,y) (a<1).

Geometrically this means that any points z and y have images that are closer
together than those points x and y more precisely, the ratio d(Tx,Ty)/d(z,y)

does not exceeds a constant a which is strictly less than 1.” [38]

Example 2.3.2. Consider X = [0, 3] with the usual metric space d(s,c) = |s —¢|.
Then T : X — X, define by

1
T(s) —
(5) =175
is a contraction mapping. Since
1 1
d(Ts, Te) < d
1 1
< | - ‘7
44+s 4+c
44c—4—s
< | E

A+ s)d+o)
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IA
|
a
\.CIJ
o

Here o = —.

In 1922, Banach [38] established the following fixed point result, popularly named

as Banach contraction theorem.

Theorem 2.3.1.

“Consider a metric space X = (X, d), where X # ¢. Suppose that X is complete
and let T : X — X be a contraction on X. Then T has precisely one fixed
point.” [38]

Example 2.3.3. Consider X = R endowed with usual metric

d(T(s1), T(s2)) =| s1 — s2 |. Define a mappig T : X x X — R by

S
Ts = 1+ -
S +3,

3

here s = 3 is a unique fixed point.



Chapter 3

Presi¢ Form of Nonself Operators
and Related Best Proximity
Results

In this chapter, we will discuss few best proximity results in metric spaces. Basha
[26] explained certain BBP results for proximal contractions in 2011. Ali et al. [35]
acquired the best proximity theorms for Presi¢ type non self operators in metric

spaces.

3.1 BBP in Metric Spaces

Consider a mapping T : X — Y, define by
T(s) = s, (3.1)

here T is non-self mapping, therefore (3.1) does not definitely have a fixed point.
In this situation, it is worthy to find the estimated solution s such that the error
d(s,T's) is minimal. This is the concept behind the best approximation thoery. The
existence of BBP in Banach space was introduced by Elderd et al. [42] in 2005.

14
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3.2 Some Basic Definitions

This section presents few major concepts and notions that will be used during
the following chapter. We commence by using important notations. Throughout

(X,d) is a metric space and a directed graph G = (V,E) is defined on a X.

Definition 3.2.1. Consider H, K # ¢, where H, K C X, then define
d(H, K) = inf{d(h, k) : h € H, k € K},

d(xo, K) = inf {d(xo, k) : k € K},

Hy ={h € H:d(h, k) = d(H, K) for some k € K},

Ko ={k € K:d(h,k) =d(H,K) for some h € H}.

Definition 3.2.2.

“Consider a metric space (X, d). Suppose A and B be two non-empty subsets of
X. An element x € A is said to be a BPP of the mapping 7' : A — B if

d(x,Tz) = d(A, B).” [43]

Remark 3.1. From the above definition, it is obvious that the BPP deduces to

fixed point with self mapping.

Basha and Shahzad [44] have presented the following definition.

Definition 3.2.3.

Consider a complete metric space (X,d). Suppose that H, K # ¢ where

H, K C X. If each sequence {k,} in K with d(h, k,) — d(h,K), for some h € H,
has a convergent subsequence. Then, K is called approximately compact with

respect to H.

Definition 3.2.4.
Consider a complete metric space (X,d) endowed with graph G. Suppose that
H, K # ¢, where H,K C X. Then T : H x H — K is called to be path admissible,

when: )

d(wr, T(hy, ho)) = d(H, K),

d(wQJT(h27 h3)) - d(H7 K)a = (wl’wZ) € E’

hy Phs,
\
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where hq, ho, hs, wy, wy € H.

Here hyPh3,= hy,hs, hs € V and (hl,hQ), (hg, hg) cE.

3.3 BBP Theorems in Metric Spaces

Definition 3.3.1.
Consider a complete metric space (X,d) endowed with graph G. Suppose
H, K # ¢, where H, K C X. An element h, € H is said to be BPP of T : HxH — K
if
d(hs, T(h, hy)) = d(H, K), (3.2)

where
d(H,K) = inf{d(h,k):h € H, k € K}.

Theorem 3.3.1.

Consider a complete metric space (X,d) endowed with graph G. Suppose

H, K # ¢, where H, K C X are closed. Consider a mapping T : H x H — K such
that for each hq, ho, hs, w1, ws € H with hy Phg, that is, (hy, ha), (he, h3) € E, and
d(wy, T(hy, he)) = 4A(H,K) = d(ws, T(he, hs)), we have:

d(wy, we) < T'max{d(hq, ha),d(ha, h3)}, (3.3)

where I' € [0, 1).
Further, suppose all the following asumptions are true:
(i) T is path admissible;
(ii) 3 ho, hy, ho € H which satisfy d(ha, T(ho, k1)) = d(H, K) and hoPhs;
(iii) Hp is nonempty;
(iv) T(H x Hp) C Ko;

(v) K is approximately compact with respect to H;
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(vi) When {h;} C X such that h;jPh;, for all j € N and h; — a as j — o0,
then (h;,a) €e EV j € Nand (a,a) € E,

then, 4 a point h, € H which satisfy

d(h*7 T(h*7 h*)) = d(]HL K)?

that is, T has a BPP.

Proof. From assumption (ii), ho, h1, ho € H which satisfy

d(ha, T(ho, h1)) = d(H, K),

and hoPhQ, that iS, (ho,hl), (hl, hg) e E.

From assumption (iv), we have T(hq, hs) € Ky, and by the definition of Ky, we
have hz € H which satisfy

d(hs, T(hy, ha)) = d(H, K).

Since from assumption (i) , we get (hg, h3) € E. Thus, hyPhs.
Continuing this procedure, we build {h;>} in H which satisfy:

d(hj+17T<hj—17hj>> = d(H7K> vV jEeN, (34)

and hj_lphj+1, that iS, (hj—h hj), (hj, hj+1) € E for all ] e N.

From (3.3), we have:

d(hj, hj+1> S r max{d(hj,g, hj,1>, d(hjfl, hj>} fOI' j = 2, 3, 4, e, (35)

Consider d; = d(h;, hj41) for all j € NU{0}.

Then we can rewrite (3.5) as

dj < r max{dj,g, djfl} W j = 2, 3,4, ce (36)
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It is obviously true for 7 = 0,1 because if we consider
Z = max{dy/v,d; /¢*}, where 1 = T2
Since Z is max{dy /1, d;/¢*}, then
do < ZvyY and d; < Z¢2.
Take j =2,3,4,--- in (3.6),

dy < I'max {do,d;} < Pmax{Zy, Z¢*} < T'Z¢ = Zo®,

ds < I'max {dj,dy} < T'max{Zy? Z¢*} < T'Zy? = Zy*,

dy < Tmax {dy,ds} <T'max{Z¢° Z¢'} < I'Zy® = Z¢°,
continuing the same process, we obtain
d, <Tmax{d, ;,d, o} <Tmax{Zy? Zy*~'} <TZyP~' = ZyP*t.
Thus, by using induction, we get:
dy,—1 < ZyYP for each p € N. (3.7)

By triangle inequality,

d(hpv hp+q) < d(hpa hp+1) + d(hpﬂ, hp+q)7
< d(hp> hp+1) + d(hp+1> hp+2) + d(hp+2> hP+l1)7
d<hp> th) + d(thrl’ hp+2) + d(hp+2> hp+3> +-- T+ d(hp+q71> hp+q)v

SZ@DPH + pr+2 + Z¢p+3 et Z¢p+€17

IN

SZPPHLA Y 0 4 T,
L
=
an
11—y 7

Zl/)pH 7

<

where ¢p = I''/2 < 1.
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Letting p — o0,

p+1

lim d(hy, hpg) < lim "

= lim d(hy, hpre) <O .

p—00

= lim d(hp, hp+q) 0.

p—o0
Therefore, we get a Cauchy sequence {h;} in H. Therefore, {h;} converges to
some point h, € H and h; € Hy which satisfy

d(H, K) = d(h., T(h;_1, h;)),

that is, (h;, h.) € E.

Furthermore, we have to prove that d(h,, T(h;_1,h;)) = d(hs,K) as j — oo.

Since we know that

d(H,K) < d(h,,K).

d(h., K) < d(ha, T(hj-1, hy)),
= d(hy, hjp1) + d(hjgr, T(hj_1, b)),
= d(hs, hjt1) + d(H,K), by (3.4)
< d(hs, hjy1) + d(hs, K).

Therefore,  d(h., T(hj_1,h;)) = d(h,K) as j— oo.

Since assumption (v) hold, therefore {T(h;_1, h;)} has a subsequence {T(h;,, ,,h;,.)},
that converges to k, € K such that

d(h,, k) = lim d(h

m—00

Jm+17

We also have

d(h*7 T(hj—lv h])) = d(Hv K)v

that is, (hj_1, h;), (h;, h,) € E.

Hence, h, € Hy. As we know T(h;, h,) € Ko, and by definition of K,, we have
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g € H which satisfy
d(.gv T(hja h*)) = d(]HL K) (38)

From assumption (vi), we know that (h;, h,) € E V j € N. Hence, we have

d(g, T(hj, hy)) =d(H,K) and d(hs, T(hj_1,h;)) =d(H,K) for each j e N.

Thus, we get h;_1 Ph,, that is, (h;_1, h;), (h;,he) €E, V j€N.

Hence, from (3.3), we get:

d(hj+1,9) < I'max{d(h;_1,h;),d(h;, h.)} for each j =2,3,4,--- .
Letting 5 — oo,
d(hj+1,9) < I'max{d(h;_1,h;),d(hj,h.)} —0 as j— oo,
= .hm d(hj-i-lag) < 0,
j—00

= d(h.,g) =0, thatis g¢g=h,.

Put g = h, in (3.8),
d(h., T(h;, hy)) = d(H,K),

that is, (hs, hy) € H.

Furthermore, note that T(h., h.) € Ky, and by definition of Ky, we have ¢t € H

which satisfy
d(t, T(hs, hy)) = d(H, K). (3.9)
From assumption (vi), we know that (h., h.) € E, and we have,
d(t, T(h«, hy)) = A(H,K) and d(hs, T(h;,h.)) = d(H,K) V jeN.

Thus we get hjPh, V j €N, that is, (h;, he), (he,hy) € E V j €N
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Thus, by (3.3),

d(hi,t) <T max{d(h;, h.),d(h, he)} ¥V jEN,

=I" max{d(h;, h.),d(h., hs)} — 0 as j — oo,
= d(hs,t) =0, that is, ¢t = h,.

By using t = h, in (3.9),

d(hy, T(he, b)) = d(H,K).

Example 3.3.1. Consider X = R? endowed with usual metric
d((sy1,52), (c1,¢2)) = |81 — c1| + |s2 — ¢o| for each s,c € R?
Define a graph G as V = R? and
E = {(s1,52), (c1,¢2) : 51,82,¢1,¢0 € [0,1]}U{(s,5) : s € R*}.

Take
H={(0,s):se€[-2,2]}, and K={(1,s):s€[-2,2]}.

Define:

(1,%) when s,c¢ > 0,
T:HxH— K, T((0,s),(0,¢) =

(1,]s 4+ ¢| —2) otherwise.

Let h_la h_27 h_3 Z 07 and h_1: (Oahl)y h_2: (07h2)7 h_3: (07 h3) € [_272]7

To find w; and ws, we have:

d(wr, T(h1, he)) = d(H, K) = d(wg, T(hs, hs)). (3.10)
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For this consider

d(H,K) =inf{d(h, k) : h € H, k € K},
=inf{d((0,s),(1,s)) : where s € [-2,2]},

=inf{|0—1|+|s—s| where se[-2,2]},

=1.

= dH,K) = 1.

d(@r, T(hy, h2)) = (0, w1), T((0, hn), (0, h2))),

hi+ hy +2
:d((o’w1)7<1vT))7
hi+ ha +2
01|y = P2
h1+h2—|—2|
—4 .
by + hy +2
—4 .

:1—|—|w1—

Using (3.11) and (3.12) in (3.10), we obtain

hy 4+ hy+2
1:1+w1—$.
4
hi+ hy +2
= wlzT.

Similarly

d(w_2> T(h_27 h_3)) = d((o? w2)7 T(<Oa hQ)v (O’ h3)))>

hy + hs +2
BT,
ho + hs + 2 |

4 3

= d((0,w2), (1,

ho + hs + 2

:1—|—'LU2— 1

From (3.10), we obtain
_ha+hz+2

= Wy 1

wy = (0, M)y = (0, ),

Y

(3.11)

(3.12)
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= hy, hy, hs, w1, w3 € H,  with h; Phs.

Also we have

d<w_17 w_Q) S FmaX{d(EhEQ)7 d(ﬁ27ﬁ3)}7

where

d(w_la w_2) = d<<07 wl)? (07 wg)),

=0—-0|+|w —ws|,

hi+hy+2  ho+hs+2
4 B 4

=g

=0

B

— hi—h
= d(hg,w_g) — %

Using above equation in (3.3),

hi—h

y = ¢max{d(hy, ha),d(hy, )}

Here ¢ = 'z = 1 €[0,1).

Consider
h1 = (0,hy), hy=(0,hy), hy=(0,h3) € H suchthat hyPhs,
Since
(0,w1) = (0, MH522) - (0,wn) = (0, 2522,
We have
d((0,w1), T((0, h1), (0, h2))) = d(H, K) = d((0,w2), T((0, ha), (0, h3))),

then ((0,w;), (0,ws)) € E.

Thus, T is path admissible.
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Now we will prove that

d(hg, T(h(], hl)) = d(H, K), and hophg.

To do so consider

= (0,0, F2=(0,5), B =(0,2) €H,
such that
a0, 2), 7((0,0),0. ) = (0.2) — (1, 22y |

5 5
=1 (0—-1 °_2
| ( [ +lg-5)

and (0,0)P(0, 2).

Moreover, assumption (v) holds such that h;Ph;jio V j € N, and h; — a as
j — 00, then (h;,a) € E for each j € N and (a,a) € E.

Therefore, all axioms are true. Hence T has a BPP.

Theorem 3.3.2.

Consider a complete metric space (X,d) endowed with graph G. Suppose

H, K # ¢, where H, K C X are closed. Consider a mapping T : H x H — K such
that for hy, ho, hs, w1, ws € H with hy Phs, that is, (hq, hy), (he, h3) € E, and
d(wy, T(hy, he)) = A(H,K) = d(ws, T(hs, hs)), we have:

d(hg,wg) S FmaX{d(hl,h2)7d(h2,w1>}, (313)

where I' € [0, 1).

Moreover, suppose the following asumptions are true:

(i) T is path admissible;
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(ii) 3 hg, b1, ho € H satistying d(ha, T(hg, k1)) = d(H, K) and hoPhs;
(iii) Hp is nonempty;

(iv) T(H x Hy) C Ko,

(v) K is approximately compact with respect to H;

(vi) When {h;} C X such that h;Ph;o for each j € N and h; — a as j — oo,
then (hj,a) € E for each j € N and (a,a) € E,

then, 4 a point h, € H which satisfy

d(hs, T(hu, hy)) = d(H, K),

that is, T has a BPP.

Proof. From assumption (ii), we have hg, hi, hy € H which satisfy

d(hg, T(ho, hy) = 4(H, K),

and thhQ, that iS, (ho,hl), (hl, hz) e E.
From assumption (iv), we have T(hq, he) € Ky, and by the definition of Ky, we
have h3 € H which satisfy

d(hs, T(hy, ha)) = d(H, K).

Since from assumption (i) , we get (hg, h3) € E. Thus, hy Phs.

Continuing the same procedure, we build a sequence {h;>»} in H which satisfy:

d(hjs1, T(hj-1,hy)) = A K) V jeN,

and hj_lphj+1, that iS, (hj—h hj), (hj, hj+1) e E for all ] e N.

From (3.13), we have:

d(hj, hj+1) < r maX{d(hj,g, hjfl), d(hjfl, h])} for every ] = 2, 3, 4, LRI (314)
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Let dj = d(hj, hj+1) for all ] eNU {0}
Then we can rewrite (3.14) as

dj S r max{dj_g, dj—l} v ] = 2, 3,4, R (315)

From (3.15) and Theorem 3.3.1, we get a Cauchy sequence {h;} C H such that
h; = hy, h, € Hy. As T(hj, hy) € Ko, we have w € H satisfying

d(w, T(h;, hy)) = d(H, K). (3.16)

From assumption (vi), (hj,h.) € E V j € N and we also have

d(hy, T(hj_1, hy)) = d(H, K).

Thus, we get h;_1Ph,, that is, (hj_1,h;),(h;,h.) € E, for each j € N.

Hence, from (3.13), we get:

d(h*,’LU) S Fmax{d(hj_l,hj),d(hj,hj+1)} \ ] e N.

Letting 5 — oo,

lim d(h.,w) < I'max lim{d(h;_1,h;),d(h;,hj+1)} V jeN

j—00 Jj—00
= lim d(hs,w) < 0,
j—o0

= d(hy,w) =0, thatis, w = h,.

Using w = h, in (3.16), we get

d(h,, T(hy, hy)) = d(H, K).

That is, (h«, hs) € E. Furthermore, note that T(h,, h.) € Ky, and there is ¢ € H
which satisfy
d(q, T(hy, hy)) = d(H, K). (3.17)
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From assumption (vi), (hs, hs) € E. Thus,
d(hy, T(hj, hy)) = d(H,K), and d(q, T(hs, h)) = d(H, K),

and h;Ph,, thatis, (h;, h.) € E and (h., h,) € E.

Hence, from (3.13),
d(h.,q) <T'max {d(hj, h.),d(he, b))} V j € N
= d(h.,q) <T'max {d(h;,h.),d(he, he)} — 0asj— oo.
= d(h,,q) =0, thatis gq=h,.
Thus, by putting ¢ = h, in (3.17) we have

d(hy, T(hy, hy)) = d(H, K).

Example 3.3.2. Consider X = R? endowed with usual metric

d((s1,52), (c1,¢2)) = [s1— 1| + |s2 = ¢co| for each s,c e R”

Define a graph G as V = R? and

E = {(s1,52), (c1,¢2) : 81,89, ¢1,¢0 € [0, 1]} U{(s,5) : s € R?*}.

Take
H=1{(0,s):s€[-2,2]}, and K={(1,s):s€[-2,2]}.

Define:

T:HxH—K, T((0,s),(0,¢) = (1,¢) ¥ (0,s),(0,c) € H.

Let hy = (0,hy), ho=(0,hy), hs=(0,h3)€[-2,2].
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To find w; and woy, we have:
(wla T<h17 h?)) (H K) - d(w27 T(h_27 h_3))

For this consider

d(H, K) =inf{d(h, k) : h € H, k € K},
=inf{d((0,s),(1,s)) : where s € [-2,2]},

=inf{|0—1|+|s—s|: where se€[-2,2]},

=1.
= 4(H,K) = 1L
(wh T<h1> h2)) = d((07 wl)’ T(([)? hl)’ (07 hQ)))v
= d((07w1)7 (17h2))7

=0—1]+|w —hel,

=1~|—w1—h2.

= (wl,T(hl,hg)) = 1+U)1 —hg.

Using (3.19) and (3.20) in (3.18), we obtain

1:1+w1—h2.

= wlzhg.

Similarly

(w27T(h27h3)) ((vaZ)vT((()’ h2)7 (O7h3)))7
= d((07 w2)7 (17 h3))7
=[0—1]|+|wy—hs],

:1—|—w2—h3.

(3.18)

(3.19)

(3.20)
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From (3.18), we obtain

=  wy = hs.
w_l = (val) = (O7h2)7 w_Q - (Oaw2) = (07 h3)a
= hi, by, hs,wr, w5 € H,  with  hy Phs.

Also we have

d(h_g, w_2> S T max{d(ﬁl,ﬁg), d(ﬁg,ml)}, (321)

where

d(hg, ws) = d((0, h3), (0, ws)),
:|O—O]+\h3—w2 ’,
:l h3 - h3 |7

=0.

= d(Eg,@Q) =0.

Using above equation in (3.21),we get
= d(h_g, U)_Q) =0 = wmaX{d(El,Eg>,d<E2,w1>}.

Here we say ¢ = 'z = s €[0,1).

Now we will prove condition (i) of Theorem 3.3.2. To do so we consider
h_l = (O,hl), h_g = (0, hg), h_g = (0, hg) € H such that h_lph_g

Since

wl = (O,wl) = (0, hg), wg = (O,WQ) = (0, hg),

and now we prove

d((0,wq), T((0, 1), (0,h2))) = d(H,K) and d(H,K) = d((0,ws), T((0, hy), (0, h3))),
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(@1, T(h1, hz)) = (0, w1), T((0, ha), (0, h2))),

=d((0, ha), (1, ha)),

:‘0—1|+|h2—h2|,

Similarly

d(w_Za T(h_% h_3)) = d((07 w2)7 T((0> h2)7 (07 h‘3)))7
= d((07h2)7 (lahS))a
=[0—=1]+[hs—hs]|,

= 1= d(H,K).

= ((0,w1), (0,ws)) € E.
Thus, T is path admissible.

Now we will prove condition (ii).
d(hg, T(h(), hl)) = d(H, K), and hOPhQ.

To do so consider

such that

d((0> g)’T((O’ O)? (07 5))) = ’ (07 g) - (17 T) ‘7

and (0,0)P(0, 2).

Moreover, assumption (v) holds such that h;Ph; oV j € N, and h; = a as j — oo
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, then (h;,a) € E for each j € N and (a,a) € E.
Therefore, all axioms are true. Hence T has a BPP.

Remark 3.2. Notice that, in the above example, Theorem 3.3.1 is not applicable.
Counter Example: Let h; = (0, g), hy = (0, 3), hs = (0,0) € H, and

@1 - (O,U}l) - (0, hg) - (O, %) 5 EQ - (O,wg) - (0, hg) - (0,0)

d(w, @z) = d((0,wr), (0, ws)),

:|0—O|—|—|w1—w2|,

Y
~l5-0l,
_ 1
-
S 5 1
d(hy, he) = a((0, g), (0, 5)),
5) 1
~[0-0]+]3 -5,
_ 1
8

a2, Tis) = 4((0, 2), (0, 0)).

2
1
=0-0 0— =
(0-0[+]0— |
1
=3
Use the above values in (3.3),we get
L Pmax{2 1y where T e [0,1)
5 < Tmax{g, 5} where 1),
Let I' =1 € [0,1) ,then
1 11 1
s<3)=1
2722 4

Which is contradiction.
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Theorem 3.3.3.

Consider a complete metric space (X,d) endowed with graph G. Suppose

H, K # ¢, where H, K C X are closed. Let T : H x H — K be a mapping such
that for each ]’Ll, hg, hg, Wi, We € H with h1Ph3, that iS, (hh hg), (hQ, h3> S ]E, and

d(wy, T(hy, he)) = d(H,K) = d(ws, T(he, hs)), we have:
d(T(hQ, wl), T(hg, wz)) S Fd(T(hl, hg), T(hg, hg)),

where I' € [0, 1).

Moreover, suppose that the following asumptions are true:

(i) T is path admissible;
(ii) 3 hg, h1, hy € H satisfying d(hg, T(hg, k1)) = d(H, K) and hoPhs;
(iii) Hy is nonempty;
(iv) T(H x Hp) C Ko;
(v) H is approximately compact with respect to K;

(vi) When {h;},{h;} C X such that h; — h and h; — h, then
T(h;, h;) — T(h, h),

then, 4 a point h, € H which satisfy
d(hy, T(hy, hy)) = d(H, K),

that is, T has a BPP.

Proof. From assumption (ii), we get hg, hi, ho € H which satisfy
d(hs, T(hg, hy) = d(H, K),

and hoPhQ, that iS7 (ho, hl), (hl, hg) c K.

(3.22)

From assumption (iv), we have T(hq, he) € Ky, and by the definition of Ky, we

have hsy € H which satisfy
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d(hy, T(hy, hs)) = d(H, K).

Since from assumption (i), we get (hg, h3) € E. Thus, hy Phs.
By continuing the same method further, we construct a sequence {h; : j € N\

{1}} € H which satisfy:

alhysr, Tlhy1,hy)) = a(HK) ¥ j N, (3.23)

and hj_lphj+1, that iS, (hj—la hj), (hj, hj+1) cE V j e N.

From (3.22), we have:

d(T(hj—1, hj), T(hj, hjta)) < TA(T(hj—2, hj1), T(hj—1,hy)) ¥V j=2,3,4,---.

(3.24)
For convenience, we take T,;_1 = T(h;_1,h;) for each j=2,3,4,---.
Then rewrite (3.24) as
d(Tj,l, Tj) S Fd(Tj,Q, Tj*l) for each ] = 2, 3, 4, cee (325)

By using induction,
d<Tj717 T]) <T d(ij% Tj*1>7

<I(T" d(T; -3, T;-2)),
=I?d(T;_3, Tj_2),
<T*Td(T;_4, T;_3),

=I°d(T;_4, T;_3),

Srj_ld(T07 Tl) for .] - 27 37 47 e

Hence,

d(Tp,Tp+1) S de(Tl,To) for P = 1, 2,3, LN

d(T(hp, hpi1), T(hps1, hps2)) < TPA(T(ho, h), T(hy, he)) for p=1,2,3,---.
(3.26)
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Now using triangle inequality,

d(T(hp, hps1), T(hpss, hprsin)) SA(T(hp, hpsr), T(hpia, hpi2)) + A(T(Rpsr, Bpia),
T(hpts hprsi1)),
<d(T(hy, hp1), T(hps1, hps2)) + A(T(hps1, hp2),
T(hpi2, bpis)) + A(T(hpi2, bpis), T(hpts, Bpisi)),
<d(T(hy, hp+1), T(hps1, hpya)) + A(T(hps1, hpya),
T(hpr2: hpts)) + -+ AT (Apis—1, fipis),
(h

T P+ p+s+1)>

We can write the above equation as

p+s—1

A(T (P 1), Ty hpysn)) <Y AT (i, hrsr), T(hisn, hiya). (3:27)

k=p
By using (3.26) in (3.27), we get

p+s—1

d(T(hpv hp+1)aT(hp+S> p+s+1 Z Fk hO: hl T(hlv h2)):

s—1

<d(T(ho, h), T(hy, ho))IP > T,
k=0

Sd(TULU: hl)a T(la h2>>rp{1 AT T2 4 FSil}a
1-T1%

1-T’

<d(T(hg, h1), T(hq, ha))TP{

<A(T(hg, hr), T(hy, ha))T”

1—1“}'

Now by picking lim,_,, in above inequality, the inequality deduced to,

lim d(T(hp> hp+1)7 T<hp+Sa hp+s+1)) <0.

p—o0
Further we have

= lim d(T(hy, hpt1), T(hpis, hpist1)) = 0.

p—0o0

This proves that we get a Cauchy sequence {T(h;_1, h;)} in K. Since X is complete
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metric space, therefore T(h;_1,h;) = k. € K and T(h;_1, h;) € K.

Moreover,

d(k., H) < d(ks, hjt1),
< d(ky, T(hj-1, hy)) + d(hyjsr, T(hj-1, hy),
— A(k., T(hy 1, hy)) + A(H,K), by (3.23)
< d(ke, T(hy 1, b)) + d(k., H).

Therefore, d(k.,hj11) — d(k,H) as j— oo.

Since from assumption (v), {h;} has a subsequence {h;,} which converges to an

element h, € H. Thus, we have:

d(h,, T(h,, b)) = lim d(h

l—o00

T(hjzfu hjz)) - d<H’ K)

Ji412

= d(hy, T(hy, hy)) = d(H, K).

Example 3.3.3. Consider X = R? endowed with usual metric
d((s1,52), (c1,¢2)) = [s1— 1| + [s2 — o] for each s,c e R”

Define a graph G as V=R? and E = R*
Take
H={(0,s):s€[-2,2]}, and K={(1,s):s¢€[-2,2]}.

Define:

T:HxH—K, T((0,s),(0,c) = (1,%) v (0,s),(0,¢) € H.

Let hy = (0,hy), ho=(0,hy), hs=(0,h3)€[-2,2].

To find w; and ws, we have:

d(wr, T(h1, he)) = d(H, K) = d(wg, T(hs, hs)). (3.28)
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For this consider

d(H,K) =inf{d(h, k) : h € H, k € K},
=inf{d((0,s)(1,s)): where s € [-2,2]},

=inf{|0—1|+|s—s| where se[-2,2]},

=1.

= dH,K) = 1.

(th(hl?h?)) ((07w1)7T<(07 hl)v (O’hQ)))a

ho ho

?% (17 ?))7

ha
= (0, w). (1, 2),

= a((0,

ho

P

—1—’—11)1—5

h
= (wla (hlahz)) = 1+w1 - 52

Using (3.29) and (3.30) in (3.28), we obtain
hs

1—1+w1—?

ha
= w1:3.

Similarly

(w27 (h2>h3)) ((vaQ)’ ((0 hQ)’(()?h?))))v

= a((0.w). (1.2,
011+ |wy -2,
=1+w; — %

From (3.28), we obtain
)

(3.29)

(3.30)
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w_lz(oawl):%7 _QZ(O,U}Q):%,

= h_17 h‘_27 h_37 w_17 w_2 € H, with h_lph_3

Also we have

where

ha hs
=d((1,-2), (1,2
((74)?(74))7
ha  hs
=1-1 23
1
=—|hy—h
AL
1 h
__|@_1 1__3|7
2 2 2
1 hs hs
=—d((1, =), (1, =
2((72)7<’2))7

= Td(T(h1, h), T(hs, h3)).

— 1
= d(T(hQ,@1>, T(hg, U)Q)) = §d(T(h1, hQ), T(hg, hg))
Here I' = £ € [0,1).

Now we will prove condition (i).

To do so we consider
h1=(0,hy), hy=(0,hy), hy=(0,h3) € H suchthat hyPhs,

Since

wy, = (O,wl) = (0, hg), EQ) = (O,wg) = (0, h3)

and we already prove

d<<07 wl)? T((Oa hl)? (07 h’2))) = d(H7 K) = d((ou w2)7 T<<07 h2)7 (07 h3)))7
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= ((0,w1), (0,w,)) € E.

Thus, T is path admissible.

Moreover,

Now we will prove condition (ii).
d(hg, T(ho, hl)) = d(H, K), and hophg.

To do so consider

— — 1. — 5)
hl = (070)7 h? = (Oa 5), h’3 = (07 g) € Ha
such that
5 1 5 0+1+42
5 b
= — 1 _ — =
_4(H, K).

and (0,0)P(0, 2).
Moreover, assumption (v) holds such that h;Ph;io ¥V j € N, and h; — a as

j — o0, then (h;,a) € E for each j € N and (a,a) € E.

Therefore, all axioms are true. Hence T has a BPP.

Theorem 3.3.4.

Consider a complete metric space (X,d) endowed with graph G. Suppose

H, K # ¢, where H, K C X are closed. Consider a mapping T : H x H — K such
that for hy, ho, hs, wy,wy € H with hy Phg, that is, (hy, he), (ha, h3) € E and

d(wy, T(hy, he)) = dA(H,K) = d(wsq, T(he, hs3)), we have:

d(T(h,g, wl), T(hg, w2)) S T max{d(']T(hl, hg), T(hQ, hs)), d(T(hQ, hs), T(wl, U)g))},
(3.31)
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where I" € [0, 1).

Moreover, suppose that the following asumptions are true:

(i) T is path admissible;
(i1) 3 hg, hy, ho € H satisfying d(hg, T(hg, k1)) = d(H, K) and hoPhs;
(iii) Hp is nonempty;
(iv) T(H x Hy) C Ko;
(v) H is approximately compact with respect to K;

(vi) When {h;}, {h;} C X such that h; — h and h; — h, then
T(hj, hy) — T(h, h),

then, 4 a point h, € H which satisfy
d(hy, T(hy, hy)) = d(H, K),
that is, T has a BPP.

Proof. From assumption (ii), we have hg, hi, hy € H which satisfy
d(hg, T(ho, h1) = 4(H, K),

and hophg, that iS, (ho,hl), (hl, hg) e E.
From assumption (iv), we have T(hq, he) € Ky, and by the definition of Ky, we
have h3 € H which satisfy

d(hs, T(hy, hs)) = d(H, K).

Since we have (hg, h3) € E from assumption (i). Thus, hyPhs.
Continuing the same procedure further, we build a sequence {h;>2} in H which
satisty:

d(hjs1, T(hj—1,h;)) = dH,K) V jeN, (3.32)
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and hj—lphj—l—la that iS, (hj—h hj), (hj, hj+1) e E for all ] e N.

From (3.31), we have:

A(T(hj—1, hy), T(hj, hjra)) < Tmax{d(T(hj_a, hj1)), T(hj-1, hy)),

d(T(hj-1, ki), T(hj, hjt1))}-

(3.33)
For convenience, we take T,y = T(h;_1,h;) for each j=2,3,4,---.
Then rewrite (3.33) as
d(T;-1,T;) < Pmax{d(T;—2, T;-1),d(T;-1,T;)}.
Either,
max{d(T;_5,T;_1),d(T;_1,T,)} =d(T;_2,T;—1) foreach j=2,34,---.
Or, we take ,
max{d(T;_o, T;_1),d(T;_1,T;)} = d(T,_4,T;) foreach j=2,3,4,---.

If we take max{d(Tj,Q, Tj,l), d(Tj,l, Tj)} = d(Tj,l, Tj) for each ] = 2, 3, 4, R
which is contradiction.

Thus we have:
d(Tj,l, T]) S Fd(T]’,Q, Tj*l) for each j = 2, 3, 4, HER (334)
By using induction,

d(T;-1, T;) <T" d(T;_o, T;_1),
<I'(T" d(T;-3, Tj-2)),
=I%d(T;_s, T;>),

<T?Td(T; 4, T;-3),
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=I°d(T;_4, T;3),

<I77'4(Ty, T,) for j=2,3,4,---.
Hence,

d(Tp, Terl) S de(Tla To) for P = 1, 2, 3, HRN

d(T(hp, hp+1), T(hp+1, hp+2)) S de(T(ho, hl), T(h1, hg)) fOI' P = ]_, 2, 3, e
(3.35)

Now using triangle inequality,

d(T(hp, hp+1), T(hpsss hpsir)) SA(T(hp, Bp1), T(Rpr, hipr2)) + (T (i, fpia),
T(hpts, hprst1)),
<d(T(hp, hp+1), T(hps1, hps2)) + d(T(hps1, hpsa),
T(hp+2, hp+3)) + A(T(hps2, bpr3), T(hps, hptst)),
<d(T(hy, hp1), T(hps1, hps2)) + A(T(hps1, hp2),
T(hpr2: hpts)) + -+ AT (Apts—1, fipss),
T(hp+s, hprsir))-

We can write the above equation as

p+s—1

&(T(tp, hipin), Ty, i) < D AT (s hosn) Thusr, b)) (3.36)
k=p

By using (3.35) in (3.36), we get

p+s—1

d(T(hpa thrl)a T(hp+57 hp+s+1>) < Z de(TULU: hl)v T(hh h2)>7

k=p
s—1

<d(T(ho, h), T(hy, ho))IP > " TF,
k=0

Sd(TULU? hl)a T(la h2)>Fp{1 FT T2 4 FSil}a
1-T17

1-T’

<d(T(hg, h1), T(hq, ha))TP{

<d(T(hg, hr), T(h, ha))T”

1—1“}'
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Now applying lim,_,~ in above inequality, the inequality deduced to,

lim d(T(hp> hp+1)7 T<hp+8a hp+8+l)) S 0.

p—0o0

= hm d(T(hp, hp+l)7 T(hp+sa hp-i-s-i-l)) = 0

p—>00
This proves that we get a Cauchy sequence {T(h;_1, h;)} in K. Since X is complete
metric space, therefore T(h;_1,h;) — k. € K and T(h;_4, h;) € K.

Moreover,

d(k,, H)

IA

d(ks, hjr1),

d(ks, T(hj—1, hy)) + d(hjer, T(hj-1, hy),
(
(

h
k*? T<hj—1’ h])) + d(Hv K)7 by (332)
h

IN

d

IN

d(k., T(hj_1, h;)) + d(k., H).

Therefore, d(k,hj+1) — d(ko,H) as j—o0.

Since from assumption (v), the sequence {h;} has a subsequence {h;} which

converges to an element h, € H. Thus, we have:

d(hs, T(hs, b)) = lim d(h

=00

T(hjz—u hjz)) = d(IHL K)

Ji1s

= d(h,, T(h., b)) = d(H, K).

Theorem 3.3.5.

Consider a complete metric space (X,d) endowed with graph G. Suppose

H, K # ¢, where H, K C X are closed. Consider a mapping T : H x H — K such
that for each hy, ho, hs, w1, ws € H with hyPhg, that is, (hy, ha), (he, h3) € E, and
d(wy, T(hy, he)) = dA(H,K) = d(ws, T(hs, hs)), we have:

d(T(h,g, hg), T(wl, w2)) S T max{d(']T(hl, hg), T(hQ, hs)), d(T(hQ, ’LUl), T(h,g, U)g))},
(3.37)
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where I" € [0, 1).

Moreover, suppose that the following asumptions are true:

(i) T is path admissible;
(i1) 3 hg, hy, ho € H satisfying d(hg, T(hg, k1)) = d(H, K) and hoPhs;
(iii) Hp is nonempty;
(iv) T(H x Hy) C Ko;
(v) H is approximately compact with respect to K;

(vi) When {h;}, {h;} C X such that h; — h and h; — h, then
T(hj, hy) — T(h, h),

then, 4 a point h, € H which satisfy
d(hy, T(hy, hy)) = d(H, K),
that is, T has a BPP.

Proof. This theorem can be proved in a similar way to the proof of Theorem

3.3.4. =



Chapter 4

Presi¢ Form of Nonself Operators
and Best Proximity Point Results

in b-Metric Spaces

This chapter is about the extention of Presi¢ form of non self operators and BBP

results in b-metric spaces.

4.1 BBP in b-Metric Spaces

Let (X, d,) is a b-metric space with coefficient b > 1 and G = (V,E) is a directed
graph defined on X. Consider H and K be two nonempty subsets of X.
Define

dp(H, K) = inf{dy(h, k) : h € H, k € K},
dp (20, K) = inf {dy(z0, k) : k € K},
Hy = {h € H: dy(h, k) = dp(H, K) for some k € K},
Ko ={k € K: dy(h, k) = dp(H, K) for some h € H}.

Definition 4.1.1.
Consider a b-metric space (X, d;) with coefficient b > 1 endowed with the G graph.
44
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Suppose H and K are nonempty subsets of X. A mapping T : H — K has the
BBP h, € H if
dp(hs, T(hy)) = dp(H, K), (4.1)

where
dp(H, K) = inf{dy(h, k) : h € H, k € K}.

Definition 4.1.2.

Consider a b-metric space (X,d;) with coefficient b > 1, where b-metric is con-
tinuous, and consider two nonempty sets H , K C X. K is called approximately
compact with respect to H, when each {k,} C K with d(h, k,) — d(h,K), for

some h € H, has a convergent subsequence.

Definition 4.1.3.
Let (X,dp) be a b-metric space with coefficient b > 1 with the G graph, where
b-metric is continuous, and H, K are nonempty subsets of X. A mapping

T:H x H — K is called path admissible, when:

¢

dy(wy, T(hy, he)) = dp(H, K),

dy (w2, T(h2, hs)) = dp(H, K), = (w1, w,) € E,

hiPhs,
\

where hq, ho, hs, wy,ws € H and h;Phs.
= hl,hg,h3 €V and (hl,hg) € E and (hg,hs) e E.

4.2 BBP Results in b-Metric Spaces

Theorem 4.2.1.

Consider a complete b-metric space (X, d,) with coefficient b > 1 endowed with G
graph, where b-metric is continuous. Suppose that H, K # ¢, where H, K C X are
closed. Consider a mapping T : HxH — K such that for each hq, ho, hg, w1, ws € H
with hy Phg, that is, (hy, hs), (he, hs) € E, and
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dp(wy, T(hy, he)) = dp(H, K) = dp(ws, T(ha, hs)), we have:

db(wl,wg) S Fmax{db(hl,h2),db(h2,h3)}, (42)

where T" € [0, 1) such that bI" < 1.

Furthermore, suppose that the subsequent conditions are true:

(i) Mapping is path admissible;
(i1) 3 hg, h1, he € H which satisfy dy(hg, T(hg, k1)) = dp(H, K) and hgPhs;
(iii) Hp is nonempty;
(iv) T(H x Hy) C Ko;
(v) K is approximately compact with respect to H;

(vi) When {h;} C X such that h;Ph; s for each j € N and h; — z, as j — o0,
then (h;,z.) € E for all j € N and (x,,x,) € E,

then, there exists a point h, € H which satisfy

d(h*7 T(h*, h*)) = d(]HL K)?

that is, T has a BPP.

Proof. From condition (ii), we have hg, hi, hy € H satisfying

db(hz,T(ho,hl) = db(H, K), and hoPhQ,

that is (ho, hl), (hl, hg) cE.

From condition (iv), T(hy, he) € Ko, and by the definition of Ky, we have hy € H

which satisfy

dy(h3, T(hy, b)) = dy(H, K).



Presié form of nonself operators and BBP results in b-MS 47

Since from condition (i), we have (ho, h3) € E. Hence, hy Phs.

By continuing same process, we build a sequence {h;>2} C H which satisfy
db(hj—i-l, T(hj_l, h])) = db(H, K) for each ] S N, (43)

and h]’_lph]‘_H, that is (hj_l, hj), (h]’, hj+1) ck V j € N.

From (4.2), we have:
db(h]', hj+1) S r max{db(hj,Q, hjfl), db(hjfl, hJ>} for each _] = 2, 3, 4, cee (44)

For convenience, we take d; = dy(h;, h;41) for each j e NU{0}.

Then we can rewrite (4.4) as
d; <TI max{d;_o,d;_1} for each j =2,3,4,---. (4.5)
It is obviously true for 7 = 0,1 because if we consider
Z = max{dy/v,d; /1*}, where ¢ =T'V2
Since Z is max{dy/t,d;/¥?}, then
do < Zvy and dy < Zibs.
Take j =2,3,4,--- in (4.5), we get:

dy < Tmax {do,d;} < Tmax{Zy, Z¢*} < T2y = Z¢°,

ds < I'max {d;,dy} < T'max{Zy? Z¢*} < T'Zy? = Zy*,

d; <T'max {dy,ds} <Tmax{Zy® Zy*} < TZy* = Z¢°,

dj S Fmax{dj,l, dj,Q} S FmaX{ij, ijil} S sz‘yil = Z’l/)j+1.

Thus, by using induction we have,

dj, < Z¢7' ¥V jeEN.
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= db(hj—lahj) < Z@Z)J i ]EN (46)

By using triangle inequality we get

dp(hjs hjrq) < b{db(hy; hjr1) + do(hjsn, hjsg) T
= bdy(hj, hjy1) + bdp(Rji1, hytg),
< bdy(hy, hj1) + bb{dy(hjs1, hyve) + du(Ryra, hyjtg)
= bdy(hy, hj1) + 0%Ay(Rji1s hjya) + 0°dp(Rjia, Rjtg),
< bdy(hy, hjia) + 02y (R, hjga) + - 4 b7 (hjrg-1, Pysg),
< bZYT 4 P ZPTT L P2 4 BIZTT by (4.6)

< DL+ b+ DR 4 by 7,

Note that ¢» = T'V/2 < 1.

Letting 7 — oo,
by)i 1

lim d,(hj, hjy,) < lim Z

j—00 Jj—o0 1— bw ’

= llm db<hj, hj+q) =0.

J—00

Therefore, we get b-Cauchy sequence {h;} € H. Thus, 3 an element h, € H such
that h; — h, and h; € Hy which satisfy

dy(H, K) = dp (s, T(hj-1, hj)),
that is, (h;, h.) € E.
Furthermore, we have to prove that dy(h., T(hj_1,h;)) = dp(hs, K) as 7 — oo.

dy(he, K) < dy(ha, T(hj-1, hy)),
< b{dy (s, hji1) + do(Rjr, T(hj-1, )},
= bdy(hu, hji1) + bdp(H,K), by (4.3)
< bd(hy, hjt1) + bdp(hy, K).
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Therefore,  dy(hs, T(hj—1,h;)) = dp(he,K) as j — oo.
Since hyphothesis (v) hold, the sequence T(h;_1, h;) has a subsequence T(h;,, ., h;,.),

which converges to a point k., € K.

= dy(hy, k) = lim dy(h

m—0o0

T<hj7n717 hj ) = db(]HL K)

Im+1)

We already have
dy(hs, T(hj_1, b)) = dp(H, K),

that iS, (hjfl, hj), (hj, h*) cE.
Hence, h, € Hy. As we know T(h;, h.) € Ky, we have g € H satisfying

Condition (vi) implies (h;,h,) € E V j € N. Thus, we have
db<h*7T(hj_1, h])) = db(H,K), and db(g, T(hj, h*)) = db(H, K) v ] e N.

Hence, we get hj_1Ph.,= (hj_1,h;),(hj,h.) €E, V j €N
Hence, from (4.2),

dp(hjt1,9) < T'max{dy(h;_1,h;),ds(h;, hy)} for each j =2,3,4,--- .
Letting 7 — oo,

lim dy(hj11,9) < T lim max{dy(h;j-1,hy), do(Rj, hu) },

J Jj—00
= dp(hs,g) =0, thatis g = h,.

Put g = h, in (4.7),

dy (A, T(hj, b)) = dp(H, K),

that is, (h, hs) € H.

Furthermore, we know that T(h,, h,) € Ky, and we have an element ¢ € H which
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satisfy
dp(t, T(he, b)) = dp(H, K). (4.8)

Condition (vi) implies that, (h., h.) € E. Hence, we have

dy(t, T(hs, hy)) = dp(H, K), and dy(hs, T(hj, hy)) = dp(H, K) for each j € N.

Thus we get h;Ph, for each j € N, that is, (h;, h.), (h, h.) € E for each j € N
Thus, from (4.2), we get:

dp(hs,t) < T max{dy(hj, h.),ds(hs, hi)} for each j € N,
=TI max{d,(hj, hy),ds(hs, )} — 0 as j — oo,
= dy(h., t) =0, that is ¢t = h,.

Put t = h, (4.8), we get

dy (e, T(he b)) = dy(HL K).

Theorem 4.2.2.

Consider a complete b-metric space (X, d,) with coefficient b > 1 endowed with G
graph, where b-metric is continuous. Suppose that H, K # ¢, where H, K C X are
closed. Consider a mapping T : HxH — K such that for each hq, ho, hg, w1, ws € H
with hy Phg, that is, (hy, hs), (he, hs) € E, and

dy(wy, T(hy, hy)) = dp(H, K) = dy(ws, T(he, hs)), we have:

db(hg, w2) S I'max {db(hl, hg), db(hg, wl)} s (49)

where I € [0, 1) such that bI" < 1.

Furthermore, suppose that the subsequent conditions are true:

(i) Mapping is path admissible;

(11) = ho, hl, hg € H which S&tiSfy db<h2, T(ho, hl)) = db(H, K) and hophg,
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(iii) Hp is nonempty;
(IV) T(H X Ho) - Ko,
(v) K is approximately compact with respect to H;

(vi) When {h;} C X such that h;Ph;,, for each j € N and h; — z, as n — o0,
then (hj,z,) € E for all j € N and (z,,z,) € E,

then, there exists a point h, € H which satisfy

d(hy, T(hy, hy)) = d(H, K),

that is, T has a BPP.

Proof. From condition (ii), we have hg, hy, ho € H which satisfy

db(hQ,T(ho,hl) = db(H,K), and hophg,

that is, (ho, hl), (hl, hg) € E.

From condition (iv), we have T(hy, he) € Ko, and by the definition of Ky, we have
hs € H which satisfy

dy(hs, T(hy, he)) = dy(H, K).

Since T is path admissible, so (he, h3) € E. Hence, hy Phs.

By continuing the same procedure, we build a sequence {h;>2} C H which satisfy:

db(hj+17 T(h]‘_l, ]%)) = db<H, K) for each j S N, (410)

and h’j—lphj+17 that is (hj—17hj)7 (hj, hj+1) cE V j e N.

From (4.9), we have:

db(h,j, hj-i—l) S r max{db(hj_g, hj_l), db<h]’_1, h])} for each j = 2, 3,4, RN
(4.11)
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For convenience, we take d; = dy(h;, hj+1) V j € NU{0}.

Then we can rewrite (4.11) as

d; < I'max{d;_5,d;_;} foreach j=2,3,4,---. (4.12)

From the (4.12) and Theorem 3.3.1, {h;} is a b-Cauchy sequence in H such that
h; — h. and h, € Hy. As T(h;, h.) € Koy, we have w € H satisfying

dy(w, T(hy, hy)) = dy(H, K). (4.13)

From assumption (vi), we get (h;, h,) € EV j € N and we already have

db(h*, T(hj_l, h])) = db(H, K)

Thus, we get h;_1 Ph,, that is (hj_1,h;),(h;, he) € E,V j €N
Hence, from (4.9), we get:

dp(he, w) < T'max{dy(h;j_1,h;),ds(hj, hjs1)} for each j e N. (4.14)

Taking j — oo on (4.14) |

lim d.b(h*,’UJ) S I'max lim {db(hj_l, hj), db(hj, hj+1)} A ] € N.

j—00 Jj—00
= lim db(h*,w) <0,
j—o0

= dy(hs,w) =0, thatis w = h,.

Using w = h, in (4.13),

dy(hs, T(hy, b)) = dy(H, K).

That is, (h«, hs) € E. Furthermore, note that T(h,, h.) € Ky, and there is ¢ € H
which satisfy
dp(q, T(hs, b)) = &(H, K). (4.15)
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Condition (vi) implies, (h., h.) € E. Hence, we have

dy(h, T(hy, 1)) = dp(HLK), and  dy(q, T(hs, b)) = dy(H, K),

and h;Ph,, thatis (h;,h,) € E and (hs, h,) € E.

Thus, from (4.9),

dp(hs,q) < D'max {dy(h;, hi),d(hs, hy)} foreach j € N

dp(hs,q) < I'max {dy(h;, h), dp(hse, i)} — 0as j — oo.
dy(hs,q) =0, thatis q = h,.

Thus, by putting ¢ = h, in (4.15) we have

dy(he, T(hy, b)) = dy(HL K).

Theorem 4.2.3.

Consider a complete b-metric space (X, d,) with coefficient b > 1 endowed with G
graph, where b-metric is continuous. Suppose that H, K # ¢, where H, K C X are
closed. Consider a mapping T : HxH — K such that for each hq, hs, hz, wy, ws € H
with hy Phg, that is, (hy, hs), (he, h) € E, and

dy(wy, T(hy, he)) = dp(H, K) = dp(ws, T(ha, hs)), we have:

db(T(hQ, wl), T(hg, ’LUQ)) S F{db(T(hl, hg), T(hg, hg))}, (416)

where I € [0, 1) such that bI" < 1.

Furthermore, suppose that the subsequent conditions are true:

(i) Mapping is path admissible;
(11) = ho, hl, hg € H which satisfy db(hg, T(ho, hl)) = db(H, K) and hophg,

(iii) Hp is nonemptys;
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<1V) T(H X Ho) - Ko,
(v) H is approximately compact with respect to K;

(vi) When {h;} and {h;} are in X such that h; — h and h; — h, then
T(h;, h;) — T(h, h),

then, there exists a point h, € H which satisfy
d(hy, T(hy, hy)) = d(H, K),
that is, T has a BPP.
Proof. From condition (ii), we have hg, hy, hy € H satisfying
dy(he, T(ho, h1) = &(H, K), and hgPhs,

that iS, (h(), hl), (hl, hg) € E.

From condition (iv), T(hy, he) € Ko, and by the definition of Ky, we have hy € H

which satisfy
dy(hs, T(hy, h2)) = &(H, K).

Since T is path admissible, so we have (hs, h3) € E. Hence, hy Phs.

By similar method, we build a sequence {h;>2} C H which satisfy:
dy(hjsr, T(hj_1, hy)) = dy(HLK) V j € N, (4.17)

and hjflphjqu, that iS, (hjfl,hj), (hj, hj+1) cE V ] e N.

From (4.16), we have:

db<h]’, hj+1) S r {db(h,jfg, hjfl), d-b(hjfl; h])} for each j = 2, 3, 4, RN (418)
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For convenience, we take T,;,_y = T(h;_1,h;) for each j=2,3,4,---.

Then rewrite (4.18) as
db(ijl, Tj) S de<T]’,2, ijl) for each ] = 2, 3,4, cee (419)

By using induction, we get

dy(Tj-1, Tj) <I" dy(T;j—2, Tj-1),
<I(I" dy(T;-3, T;—2)),
=I?dy(T;-3, Tj-2),
SFQde(Tj,4, Tj,g),

=I°d,(T;-4, Tj—3),

Srj_ldb<T17 TO) for .] = 27 37 47 U

Hence,

dy(T;, Tjy1) < TVdy(Ty, Ty) for j=1,2,3,---. (4.20)

By using triangle inequality,

dy(Tj, Tjip) < b{dp(Ty, Tj1) + do(Tjs1, Tjap) }
= bdy(T;, Tjt1) + bdp(Tj41, Tjsp),
< bdy(Ty, Tjr1) + 00{ds(Tj11, Tjr2) + dp(Tj2Tjp) ) (4.21)

(T; )
= bdy(T;, Tjs1) + b°dy(Tjs1, Tjso) + 0%dp (T2 Tjup),
bdy( )

| /\

Tj, Tj1) + 0%dp(Tyir, Tjvz) + -+ dp(Tjup-1Top)-

By using (4.20) in (4.21), we get

dy(T;, Tjyp) < bIYdy(To, Ty) + 6T, (To, Ty) + - - - + BTV P14, (T, T),
=bI7dy(To, T1)(1 + b + 0°T2 4 - - + P TP 1),

. 1— (b1

<bIH@, (T, Ty) ———

>~ b( 05 1) 1—-T )
1

1-1

<ij+1db(T0, Tl)
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Applying lim;_,., on above inequality , the inequality deduced to,

lim dy(T (R, Tjs1), T(hjaps hjaps1) < 0.

j—00

= 1im dy(T(Ry, hj11), T(hjrp, hjspr) = 0.

j—oo
This proves that, we get a b-Cauchy sequence T(h;_1, h;) in closed subset of K.
Since X is complete, consider k., € K such that T(h;_1,h;) — k.

Moreover,

dy (ks H) < dy(Ko, hjyr),

<b{dy(ks, T(hj_1,h;)) + dp

)+

h;) (hj1, T(hj-1, hy)},
h;) (

=bdy (K., T(hj_1, hy)) + bdy(H, K),
) (

=b{dy(k«, T(hj-1, dy(H, K)}, by (4.17)

<bdy(ks, T(hj_1,h;)) + bdy(k., H).

Therefore, dy(ks, hjr1) — dp(k,H) as j—o00.
Since from condition (v), {h;} has a subsequence {h;} that converges an element

h, C H such that:

dy(he, T(he, h)) = lim (P

19
l—00 Jit

T(h hjz)) - db(H’ K)

Ji—1

= dy(hs, T(hy, hy)) = dy(HL K).

Theorem 4.2.4.

Consider a complete b-metric space (X, d,) with coefficient b > 1 endowed with G
graph, where b-metric is continuous. Suppose that H, K # ¢, where H, K C X are
closed. Consider a mapping T : HxH — K such that for each hq, hs, hz, wy, ws € H
with hy Phg, that is, (hq, ha), (ho, h3) € E, and

dp(wy, T(hy, hy)) = dp(H, K) = dy(ws, T(he, hs)), we have:

db(T(hQ, wl), T(hg, wg)) é r max{db(T(hl, hQ), T(hg, hg)), db(T(hQ, hg), T(wl, ’U)g))},
(4.22)
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where I" € [0, 1) such that bI" < 1.

Furthermore, suppose that the subsequent conditions are true:

(i) Mapping is path admissible;
(ii) 3 hg, h1, he € H which satisfy dy(hg, T(hg, k1)) = dp(H, K) and hgPhs;
(iii) Hp is nonempty;
(iv) T(H x Hy) C Ko;
(v) H is approximately compact with respect to K;

(vi) When {h;}, {h;} in X such that h; — h and h; — h, then
T<h]’h_3) - T(haﬁ)a

then, there exists a point h, € H which satisfy
d(hy, T(hy, hy)) = d(H, K),
that is, T has a BPP.
Proof. From condition (ii), hg, h1, he € H satisfying
dy(he, T(ho, h1) = &(H, K), and hgPhs,

that iS, (h(), hl), (hl, hg) e K.

From condition (iv), T(hy, he) € Ko, and by the definition of Ky, we have hy € H

which satisfy
db<h3, T(hl, hQ)) = db(H, K)

Since T is path admissible, so we get (ho, h3) € E. Hence, hy Phs.

By similar method, we build a sequence {h;>>} in H which satisfy:

dp(hji1, T(hj_1, hy)) = d(H,K) V j € N, (4.23)
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and hj—lphj+17 that is (hj—17hj)7 (hj, hj—i-l) ek V ] e N.
From (4.22), we have:

dp(T(hj—1, hy), T(hy, hjrr)) < Tmax{dy(T(hj-2, hj-1)), T(hj-1, hy)),

dy(T(hj—1, hy), T(hy, hjv1))}-

(4.24)

For convenience, we take T,y = T(hj_q,h;) for each j=2,3,4,.--

Then rewrite (4.24) as
dp(Tj-1,T;) < T'max{dy(T;—2, Tj-1),d(T;—1,T))}.
Either
max{d,(T;_3, Tj_1),dp(T;—1,T;)} = dp(Tj_2,Tj_1) foreach j=2,3.4,---,
or,
max{dy(T;_o,T;_1),ds(T;—1,T;)} = dp(Tj_1,T;) foreach j=2,3,4,---.

If we take max{dy(T;_2, T;_1),dp(T;_1, T;)} = dp(T;_1, T;), which is contradiction.

Hence we have:
db(ijl,T(hj) S de(ij%ijl) for each ] = 2, 3, 4, tee (425)

By using induction, we get

dp(T;j—1,T;) <T" dy(T;—3, Tj—1),
<I(I" dy(T;-3, T;-2)),
=I%dy(T;-3, Tj-2),
SFQde(Tj,4, Tj,g),

=I°d,(T;—4, Tj3),

<TY71d,(Ty, Ty) for j=2,3,4,---.
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Hence,

db(Tj7 Tj—i—l) S Fjdb<T07 Tl) for ] - 17 27 37 . (426)

By using triangle inequality,

dy(T;, Tjip) < b{dp(Ty, Tjs1) + do(Tj1, Tjip) )
= bdy(T;, Tj11) + bde(Tj11, Tjp),
< bdy(Ty, Tjr1) + 00{ds(Tj11, Tjr2) + dp(Tj2Tjp) (4.27)

)
= bdy(Tj, Tjs1) + 0°dp(Tjr, Tja) + 0%dp(Tj12Top),
by ( )

| /\

T]’ j+1) + b? db( J+1s Tj+2) +oet db<Tj+p—1Tj+p)-

By using (4.26) in (4.27), we get

dy(T;, Tjyp) < bIYdy(To, Ty) + 62Ty (To, Ty) + - - - + BTV~ 14, (Ty, T),
=bI7dy(To, T1) (1 + bT + b°T2% + - - + P72

. 1= (BT
< J+1
<bI" db(To,Tl)—l —T
1
1-T"

<bI¥H1d, (T, Ty)

Applying lim;_,., on above inequality , the inequality deduced to,

lim dy(T(hy, Tjs1), T(Rjips hjapia) < 0.

J—00

= lim d,(T(hj, hjs1), T(Rjtp, Bjipr1) = O.

J—00

This proves that, we get a b-Cauchy sequence T(h;_q, h;) in closed subset of K.
Since X is complete, consider k, € K such that T(h;_q,h;) = k..

Moreover,

dy (i, H) < dp (ki hjan),
< b{dy (K, T(hj-1, by)) + dy(hjs1, T(hj-1, hy))},
h;)) + dy(H,K)}, by (4.23)
= bdy(ks, T(hj—1, hj)) + bdy(H, K),
) (

< bdy(ky, T(hy_1, b)) + bdy (K., H).

- b{db(k*aT( j—1,
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Therefore, dy(ks, hjy1) — dp(k,H) as j—o0.

Condition (iv) implies, {h;} has a subsequence {h;,} that converges an element

h, € H such that:

db(h*’ T(h*v h*)) lim db(hju-u T(hjz—ﬂ hjz)) = db(Hv K)

l—00

= dy(ha, T(he, h.)) = dy(H, K).

Theorem 4.2.5.

Consider a complete b-metric space (X, d,) with coefficient b > 1 endowed with G
graph, where b-metric is continuous. Suppose that H, K # ¢, where H, K C X are
closed. Consider a mapping T : HxH — K such that for each hq, hs, hs, wy, ws € H
with hy Phg, that is, (hy, hs), (he, hs) € E, and

dy(wy, T(hy, he)) = dp(H, K) = dy(ws, T(he, hs)), we have:

dy(T(ha, hs), T(w, w)) < Tmax{dy(T(h1, ha), T(ha, h3)), dp(T(ha, w1), T(hs, w2))},
(4.28)
where I" € [0, 1) such that oI < 1.

Furthermore, suppose that the subsequent conditions are true:

(i) Mapping is path admissible;
(i1) 3 hg, h1, ho € H which satisfy dy(hg, T(hg, k1)) = dp(H, K) and hgPhs;
(iii) Hp is nonempty;
(iv) T(H x Hp) C Ko;
(v) H is approximately compact with respect to K;

(vi) When {h;}, {h;} C X such that h; — h and h; — h, then
T(hy, h;) —= T(h, h),
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then, there exists a point h, € H which satisfy

d(h*7 T(h*, h*)) = d(Hv K)?

that is, T has a BPP.

Proof. This theorem can be proved in a similar way to the proof of Theorem

4.24. [l



Chapter 5

Conclusion

The work of Ali et al. [35] on “Presi¢ type nonself operators and related best
Proximity results” is discussed and elaborated to represent the complete analysis
of the article [35] in this thesis.

The main purpose of this research was to discuss and extend the above results in
b-metric spaces. For this, the definition of best proximity point is formulated in
the setting of b-metric spaces. Then the fixed point theorems are established for
Presi¢ form of non self operators and best proximity results in the setting of b-
metric spaces. These results might be valuable in solving particular best proximity

points in addition to fixed point theory in perception of b-metric spaces.
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